SELF-INTERSECTION LOCAL TIME OF (a, d, /3)-SUPERPROCESS 
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Abstract. The existence of self-intersection local time (SILT), when the time 
diagonal is intersected, of the (a, d, /3)-superprocess is proved for d/2 < a and 
for a renormalized SILT when d/(2 + (1 + /3) _1 ) < a < d/2. We also establish 
Tanaka-like formula for SILT. 
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1. Introduction and statement of results 

This paper is devoted to the proof of existence of self-intersection local time 
(SILT) of (a, d, /3)-superprocesses for < < 1. Let us introduce some notation. 
Let Bb(M. d ) (respectively Cf,(R d )) be the family of all bounded (respectively, bounded 
continuous) Borel measurable functions on M. d , and A4p(M. d ) be the set of all finite 
Borel measures on M. d . The integral of a function / with respect to a measure fi is 
denoted by fi(f). If E is a metric space we denote by D([0, +oo),E) the space of 
all cadlag -E-valued paths with the Skorohod topology. We will use c to denote a 
positive and finite constant whose value may vary from place to place. A constant 
of the form c(a, b, ...) means that this constant depends on parameters a, b, .... 

Let J 7 ', T[, P') be a filtered probability space where the (a, d, /3)-superprocess 
X = {Xt : t > 0} is defined. That is, by X we mean a A4 F (K d )-valued, time 
homogeneous, strong Markov process with cadlag sample paths, such that for any 
non-negative function ip £ Bb(M. d ), 

E [exp (-X t {<p))\X - n] - exp (-n(V t {<p))) , 

where [i £ M.F(^ d ) and Vt(ip) denotes the unique non-negative solution of the 
following evolution equation 

vt =S t <p- f S t -, ((vs) 1+l3 ) ds, t > 0. 
Jo 

Here {St : t > 0} denotes the semigroup corresponding to the fractional Laplacian 
operator A Q . 

Another way to characterize the (a, d, /3)-superprocess X is by means of the 
following martingale problem: 

For all ip £ D(A a ) (domain of A a ) and fi £ M F (^ d ), 
X = ft, and M t (<p) = X t (<fi) - X (<p) - J* X s (A al p)ds, (1.1) 
is a J^-martingale. 
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If j3 = 1 then M.{tp) is a continuous martingale. In this paper we are interested in 
the case of < (3 < 1, and here Mt{<p) is a purely discontinuous martingale. This 
martingale can be expressed as 

M t {$)= I I <p(x)M(ds,dx), (1.2) 

JO JR d 

where M(ds, dx) is a martingale measure, it and the stochastic integral with respect 
to such martingale measure is defined in [T2] (or in Section II. 3 of [10]). 
The SILT is heuristically defined by 

lx(B)= I [ S(x-y)X s (dx)X t (dy)dsdt, 

JB JR 2d 

where B C [0, oo) x [0, oo) is a bounded Borel set and 8 is the Dirac delta function. 
Let D = {(i, t) : t > 0} be the time diagonal on l + xM + . For /3 = 1, B n D = 
and d < 7, Dynkin [6 proved the existence of SILT, jx, for a very general class 
of continuous superprocesses. Also, from the Dynkin's works follows the existence 
of SILT when /? = 1, B fl D ^ and d < 3 (see PQ). For p = 1, d = 4, 5 and 
BHD ^ 0, Rosen [16] proved the existence of a renormalized SILT for the (a, d, 1)- 
superprocess. A Tanaka-like formula for the local time of (a, d, 2)-superprocess was 
established by Adler and Lewin in [3]. The same authors derived a Tanaka-like 
formula for self-intersection local time for (a, d, 2)-superprocess (see [2]). In this 
paper we are going to extend the above results for the case of < p < 1. 

The usual way to give a rigorous definition of SILT is to take a sequence ((p e ) e> o 
of smooth functions that converges in distribution to 8, define the approximating 
SILTs 



7x, e (B)= / / <p s (x-y)X s (dx)X t (dy)dsdt, Bcl+x R+, 

JB JR 2d 

and prove that (jx.s(B)) e >o converges, in some sense (it is usually taken L 2 (P'), 
L 1+l3 (P'), L 1 (P'), distribution or in probability), to a random variable jx(B). In 
what follows we choose tp £ = p £ , where p £ is the a-stable density, given by 

p £ ( x , y ) = J—[ e-^-vV-^dz, x,yeR d , 

( Z7r ) jR d 

when < a < 2 and 

^^^=(2^75 e " |X "' 2/2e ' ^ eRd < 

for a — 2. In this paper we will consider the particular case when B = {(t,s) : < 
s < t <T}. Here we denote jx,e(B) by jx,e(T), that is 

lx, e (T)= { ( ( p £ (x-y)X s (dx)X t {dy)dsdt, VT > 0. 



JO JO JR 2d 

Moreover, we are going to consider the renormalized SILT 



where 



IxAT) = lx,s(T) ~ e A£ / / X s {G^{x - -))X s (dx)ds, 

JO JWL d 



G x > e {x)= e- xt Pt (x)dt, A,e>0. 
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Notice that G x < e (x) t G A '°(x) = G x (x) as e [ for all x 6 M d , and if d > a then 
G(x) =G°'°(x) = c(a,d)\x\ a ~ d , (1.3) 

where 

r((d-a)/2) 



c(a, d) 



2 Q / 2 7r<V 2 r(a/2)' 

and r is the usual Gamma function. G is called Green function of A Q . Also notice 
that, for A > 0, we have 

A a G x ' E (x) = \G x ' e (x)-e- Xe p £ (x), xeR d . (1.4) 
Now we are ready to present our main result. 

Theorem 1. Let X be the (a, d, f3)-superprocess with initial measure Xo(dx) = 
fi(dx) = h(x)dx, where h is bounded and integrable with respect to Lebesgue mea- 
sure on M. d . Let M be the martingale measure which appears in the martingale 
problem 1 1.1]) for X . 

(a) Let d/2 < a. Then there exists a process "fx = {lx(T) '■ T > 0} such that 
for every T > 0, S > 

P (jup | 7x , £ (i) - ix{t)\ > s) -h. 0, as e | 0. 

Moreover, for any A > 0, 

7x(T) = \j II G x {x-y)X s {dx)X t {dy)dtds (1.5) 
Jo Jo Js. 2d 

[ X T {G x {x~-))X s {dx)ds 
o JR d 

+ [ I X s (G x (x - ■))X s (dx)ds 
Jo Jm d 

rT , rt f 

/ G x (x - y)M(ds,dy)X t (dx)dt, a.s. 

>0 JR d JO JR d 

(b) Let d/(2 + (1+/?) -1 ) < a < d/2. Then there exists a process "fx = {"fx{T) : 
T > 0} such that for every T > 0, <5 > 

P (sup |7x, £ (t) - y x (t)\ > S ] -f 0, as e | 0. 

\t<T / 

Moreover, for any A > 0, 

7x(T) = a/ / f G x {x-y)X s (dx)X t {dy)dtds (1.6) 
I X T {G x {x~ -))X s {dx)ds 

h JR d 
r T r rt r 

I G x (x - y)M(ds,dy)X t (dx)dt, a.s. 

/0 JR d JO JR d 

XTie processes "fx and "fx are called SILT and renormalized SILT of X , respec- 
tively, and il.5]) and fl.6]) are called Tanaka-like formula for SILT. 
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Remark 1. It is interesting to note that our bound on dimensions 

d< (2 + (l + / 9)- 1 )a, 

for renormalized SILT does not converge, as /3 | 1, to the bound d < 3a established 
by Rosen [TB] for finite variance superprocess ((3 = 1). For example, simple algebra 
shows that for 5/3 < a < 2, there is a SILT for finite variance superprocees in 
dimensions d < 5. However for any f3 € ((3a — 5)/(5— 2a), 1) we get the exixtence 
of SILT only in dimensions d < 4 and this bound not improve to d < 5 if (3 ] 1 . 
So, our bound is more restrictive, and we believe that it is related to the fact that 
(a, d, (3) -superprocess (with [3 < I) has jumps. Our conjecture is that for [3 < 1, 
the renormalized SILT defined by M.&fj does not exist in dimensions greater than 
(2 + (1 + /?)">. 

The common ways to prove the existence of SILT for the finite variance super- 
processes (see e.g. [2], [16]) do not work here. The reason for this is that such 
proofs strongly rely on the existence of high moments of X (at least of order four) , 
and (a, d, /3)-superprocess X has moments of order less than 1 + (3. To overcome 
this difficulty let us consider the path properties of X more carefully. It is well 
known (see Theorem 6.1.3 of [4]) that, for < (3 < 1, the (a, d, /3)-superprocess X 
is a.s. discontinuous and has jumps of the form AX t — rS x , for some r > 0, x £ M. d . 
Here S x denotes the Dirac measure concentrated at x. Let 

N x (dx,dr,ds) = ^ ^(x,r,s), (1-7) 

{(x.r,s):AX s =rS m } 

be a random point measure on R d x M + x M + with compensator measure Nx given 

by 

N x (dx,dr,ds) = r/r^-f 3 drX s (dx)ds, (1.8) 

where 

= p{[3 + 1) 

v r(i-/?)' 

Let K > fix. From [5] and [3] we have that the (a, d, /3)-superprocess X has the 
following decomposition: Let ip £ D(A a ), t > 0, 

X t (<p) = / X s {A a y)ds-C p {K) [ X s (<p)ds 

Jo Jo 

K 

rip(x)Nx (dx, dr, ds) 



n 

oo 



rip(x)N x {dx,dr,ds), (1.9) 

/o Jk 

where Nx = Nx — Nx is a martingale measure and 

As we have mentioned already, one of the problems of working with the (a, d, (3)- 
superprocess X is dealing with "big" jumps. In fact, the "big" jumps produce 
the infinite variance of the process and they appear in the term corresponding to 
the integral with respect to on (|1.9| . So, the first step in the establishing the 
existence of SILT for (a, d, /?)-superprocess X is to "eliminate" those jumps. This 
is achieved via introducing the following auxiliary process. 
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Let us considerer the canonical space, = D([0, oo), M F (R d )), = S(fi°) 
and ^ = cr{y r x : < r < t}, where ^(w ) = w°(V). For any /x e Mj? there 
exists (see 0]) a measure on (fi ,^ 70 ), such that for any non-negative function 
peB b (R d ) 

E, [exp (-Y t K (<p)) = cxp (-Y S K (V t *.(<p))) , VO < a < t, (1.10) 

and 

£ M [exp (-Y t K (cp))] = exp (-<i (V^fa))) , Vi > 0, (1.11) 

(notice that the expectation is taken here with respect to the measure is 
the unique non-negative solution for the non-linear equation 

f *£ = (Aa-a^jrjK* -$>f), (L12) 

\ «0 = <P> 

where 

$ K (x) = X] \ (e- ux - 1 + ux) u- p ~ 2 du. (1.13) 



Note that when if = oo the resulting process Y°° and the regular (a, d, /^-super- 
process X have the same distribution. Now, for any K > 0, define the stopping 
time 

t k = inf{t > : |AX t | > K}. (1.14) 
In Section [5] we will show that if we define the process which evolves as X up to 
time tk and then continues to evolve as Y K starting at X TK -, then this process 
has the same law as Y K . This together with the fact that tk T oo as K — > oo (see 
Lemma [2]) implies that it is enough to show existence of the SILT for the process 
Y K . This task will be accomplished in Section [3l modulo some technical moment 
estimates that will be derived in Section [4] The main steps leading to the proof of 
Theorem [T] will be described in the next section. 

2. Proof of Theorem [T] 

The process Y K whose Laplace transform is given by (|1.10|) , (| 1 . has the 
following decomposition: 

Y t K (cp) = ^)+fY s K {^ aV )ds-C fj {K)fY s K ^)ds 
Jo Jo 

+ [ [ [ r(p(x)N Y K(dx,dr,ds) 7 Vt > 0, (2.1) 

JO JO JM d 

where N y k = N y k — N y k , and 

N YK (dx,dr,ds) = s (.x,r,s)i 

{{x,r,s):AY s K =r5 !c } 

N YK (dx,dr,ds) = r]l {0iK ](r)r~ 2 ~ /3 drY s K (dx)ds. 

Note that N Y i< is defined in a way analogous to (|1.7[) . however it does not have 
jumps "greater" than K. 

In the following lemma we are going to construct the probability space where 
Y coincides with X up to the stopping time tk- 

Lemma 1. There exists a probability space on which a pair of processes (Y , X) 
is defined and possesses the following properties: 
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(a) Y K coincides in law with Y , 

(b) Y t K = X t , Vt<T K . 

Proof. Define 

n = n' x n°, t = t' x t°, T t = t[ x t\ 

and let 

•"Kf.J „„on _ / X t { W '), t < T K {w') 



* 1 ' J "l W°(t-T K ( W >)), t>T K ( W >). 

Define the measure P on (Q, J 7 ): 

P(BxC)= [ lB{w')P rK ^ w '\C)P'{dw'), 

where 

pr K K)(C) = Qa^.^JIw; 6 ^° : F K (w',u; ) 6 C}) . (2.2) 
Let ip 6 Dom (A a ) and f > 0. From the definition of Y K we have 

Y t K (ip) = n(<p)+ f Y s K {t± al p)ds-K p [ Y s K (^)ds 



P t pK 



rif(x)N YK (dx,dr,ds), (2-3) 
where N yK is defined by (TT7J) for t < tk and 

N yK (dx,dr,ds) = ^ fi(x,r,s), 

{{x,r,s):AYf=r8 x } 



for i > ta'. Let us check that J Q * J1 X J Rd r(p{x)Ny K {dx 1 dr, ds) is an ^-martingale: 
For any t > u, B e T' u , C e T°, we obtain by using the definition §Z5§ of P T *K) 

p[1bxc( I I I Mx)N YK (dx,dr,ds) 

PU pK r 

rip(x)Ny K (dx, dr, ds) 



= / P T ^ w 'Hl c \ / / / Mx)N YK (dx,dr,ds) 



B 

u r l\ 

np(x)N YK (dx,dr,ds) I I P'(dw') 



J"*K) [lc[ [ J I rip(x)Ny K (dx, dr, ds) 



(t/\T K (w'))Vu pK 



rtp(x)Ny K (dx, dr, ds) P (dw ) 
lo Jm d ' J J 

AtAT K (w'))Vu pK P _ 

+ / P^™' 1 C / / / Mx)N YK (dx,dr,ds) 
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L 



r(p(x)Ny K (dx,dr,ds) I I P'(dw') 



pr K ( W >) ( QXtk1wI) _[I c 

/ / rip(x)Ny K (dx,dr,ds)\T° A (w , ))Vu }) P'(dw') 
y)]VuJ0 JR d / 

/ P T *( W ')(1 C 
is 

(io'))Vu /-K- f \ 

r<p(x)N x (dx,dr,ds) P'(<fo/) 



/ b ^ k) ( i ^<- u 

^(V^))V«))^W) 

+ / P T *^')(C) 

-(tArjc(ui'))Vu /■JC— 



Atk-(u;'))Vm j 



K 

r(p(x)Ny K (dx, dr, ds) 



r<p(x)N x (dx, dr, ds)P'(dw') 



lc(X. Au (uj'))l{ u<TK y 



xP'l / / / r(p(x)N x {dx,dr,ds)\J 7 ! u I P'(dw'), 



where in the last equality for the first term we have used the fact that for P'-a.s u>', 
N yK is a (Qx TK („/)_! .Pt)-martingale measure on M d x R + x [tr- A t,t]. As for the 
second term we have used the simple identity 

P^ w '\C)l {u<TK} = l c (X. Au (w'))l {a<TK} 

for any C £ Now use the fact that N x is a (P', .T 7 /) -martingale measure to get 
that 

P' / / / rp(x)j^(da:,dr,d»)|^ =0, 



and the proof that J Q * J Q J" Kd rip{x)N YK {dx, dr, ds) is a martingale is complete. 

Then, due to the uniqueness of the decomposition ([S], Theorem 7) we conclude 
that y K has the same distribution as Y . □ 

Convention. Based on the above lemma, from now on we will assume that Y K , X 
are defined on the same probability space and Y t K = X t , Vt < . 

Now we are going to show that time tk can be made greater than any constant 
T with probability arbitrary close to 1 by taking K sufficiently large. 

Lemma 2. For every T > and e > 0, there exists K > such that P{tk <T)<e. 
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Proof. Let Zfi the number of jumps of height greater than K in [0, T] x R d , that is 
= N([K, +00) x [0, T] x R d ). Then there exists (see QU, page 1430) a standard 
Poisson process such that 



Z K - A K 



for some positive constant cp. Then from the Markov inequality we have, 
P(tk <T) = P(Z* > 1) 



PA 



cpK- 1 -' 3 / Q T X s (R d )ds 



> 1 



> 



-P A 



K 



CfiK- 1 -? / Q T X s (R d )ds 



X s (R d )ds < K' 1 



Ki+0 



X s {R d ) 



+ (l-P{A*- 1 =0)) 



□ 



= cpT^{W 1 )K- 13 + (l - exp (-K' 1 )) . 

The result follows, since the right hand side goes to as K — » 00. 

Now the proof of Theorem [1] relies on the following proposition. 

Proposition 1. Let K > and Y be the truncated (a,d, [3)-superprocess with 
initial measure Y^ (dx) — fi(dx) — h(x)dx, where h is bounded and integrable with 
respect to Lebesgue measure dx on M. d . 

(a) For d/2 < a there exists a process jy K = {"fyx C^O ■ — 0} such that 



limi? 

e|0 



sup 



K 



and for any A > 0, 



1$«(T) = A 



+ 



0, VT > 0, 



G A - y)Y s K (dx)Y t K (dy)dtds 

"'O JR 2d 

Y^{G\x--))Y s K {dx) 
Y s K (G x (x--))Y s K (dx)ds 

G x {x - y)M K {ds, dy)Y t K {dx)dt, a.s. 



(b) For d/{2 + (1 + (3)- 1 ) < a < d/2 there exists a process = {7^ (T) : 



T > 0} such that 



timE 



sup 

t<T 



J?«Jt))-^ K (t)) 



0, VT > 0, 
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and for any A > 0, 
7&c(T) = A ( T /' / G x (x-y)Y s K (dx)Y t K {dy)dtds 

Jo JO JR 2d 

Y^(G x (x--))Y s K (dx)ds 

o Jm d 

[ G x (x -y)M K (ds,dy)Y t K (dx)dt, a.s. 

JO JR d JO J«. d 

Proof. Postponed. 

The above proposition immediately yields: 

Proof of Theorem[I[ Fix arbitrary e, S > and let d/2 < a. Since X t — Y t K for 
any t < tk, we immediately get that 

lx{t) = 7y K (*)j yt <t k , 

and 7x(i) satisfies Tanaka formula (|1.5|) for t < Tk- Moreover, since by Lemma [2l 
tk T °°j as K °°j there is no problem to define Jx(t) satisfying ()1 .5(1 for any 
f > 0. 

Now let us check the convergence part of the theorem. For any T > 0, by Lemma 
HI we can fix K > such that P(t k < T) < 5. Then 



lim P sup |7x,ei(*) - 7x(i)| > £ 

£ ilO \t<T 

< lim P (sup | 7x , £l (t) - lx (t) | > e, r K > T ) + P (t k < T) 

eij.0 \ t <T J 

< lim P [ sup \ j y k e (t) - Jy k (t) I > £, tk > T ) + 5 

eiJ.0 \t<T ' / 



and since 5, e > were arbitrary the proof of convergence is complete. 

The proof of part (b) of the theorem goes along the same lines. □ 

3. Existence of SILT for Y k — proof of Proposition Q] 



Fix arbitrary K > 0. First, we derive very useful moment estimates for Y . Let 

:er 

(A a -C f} (K))vf. 



{S^ : t > 0} denote the solution of the partial differential equation 

dv? 



dt 

That is, {Sf : t > 0} is the semigroup defined as 

S K = e -C,{K)t St _ (3 1} 

Notice that S^ip < St<p, for all non-negative bounded measurable functions ip. 
Following Theorem 3.1 of [9] we have that for <p,ip G Bb(M. d ), 



E 



exp (-Y t K (<p) - J\ K (^)dfl) Y K = n =exp(- M (^(^^))), (3.2) 
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where /j, £ Mf^ 4 ) and V t K (ip,t(}) denotes the unique non-negative solution to the 
following evolution equation 



v? = S t K <p + / S?W)d8 - / S t K _ s )) da, t > 0, (3.3) 



where 



and 



z — ' ml 



X(m) 



m— 1-(9 



(3.4) 



(3.5) 



m — 1 — /3 

Now we are going to calculate the first two moments of Y K . 
Lemma 3. Let ip be a non-negative function on £>£,(K rf ) and t > 0. Then 

E„[Y t K (tp)] = /i(SfV), (3.6) 



(y*M) 2 ] = ( M (^)) 2 + x(2)M(^^ s ((5f^) 2 )d s ) 



E„ 



Proof. From (|3.2p we have 



,-n(t.f{A)) 



where 



v?(\) = \S?<p- / S* s (<I>>f(A)))<i S 



(3.7) 



(3.8) 



Using the elementary inequality e 21 — f + x < x 2 /2, x > 0, and (jl . 13[) we have 

w ~ 2 ~ 

Let | • | |oo be the supremum norm, then < (A) < XS^if < AH^Hoo and the 
previous inequality implies 

K (xJCuJCt^WA^ X( 2 )IMIL* xA 2 



S* fl (**(«f(A))) ds< 



Further from (|3.8|) we get 



lim ■ 

A10 



and we write this like 



A 



= lim- S t -.(*>f(A)))ds 

< n m ^»xA = o, 

~ A10 2 



v?(\)=\S?<p-o(\) 



K 



(3.9) 
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This implies 



1-Eu 



lim ■ 

AXO 



lim ■ 

A10 



1 - e 



~A 

-Xn(sf v>)+o(A) 



A 



l_ e -^%HA) A/x(S*y)- (A) 
lim ; — ^ — 7 — — lim = u i, 09 . 

Aio A^ (<Sf <p) - o(A) Aio A .»/..' 



Now, to calculate the second moment we follow the ideas used in the proof of 
Proposition 11 of Chapter II from [TTj : 



E„ 



lim — En 

HO A 2 



AIO A 2 

= Ss|(E a (" Of ^- C**^ (*») ds ) v (S^) 

-l + A M (Sf^)). 
Using the series expansion (|3.4[) for $ x and (|3 .D[) we obtain 



($>f(A))) ds 



S£,($ K (ASjV-°(A)))ds 



/ C (^A 2 (^) 2 +o(A 2 ))ds 
((^) 2 )d S + o(A 2 ). 



Then 



aio A 2 V 2 p 
1 ^(2), a 



5 



K 



{(Sf^f) ds)+o(X 2 ) 



+ k {^r x2fi a fa*^ 2 ) ds ) - v & $ + ° (a2) )' 



= lim 



2 fx(2). 2 
-A fi 



S. 



K 



aio A 2 V 2 

= x (2)„ QT* S*. ((Sf ^) 2 ) cfa) + 0* (^^)) 2 , 



((Sf^) 2 ) ^)+^A 2 ( M (^)) 2 + (A 2 ) 



and we are done. 



□ 



Remark 2. Using binary directed graphs, Dynkin in [6] gjws a formula for the mo- 
ments of supeprocesses, where the Laplace functional (3. Sty has an evolution equation 



12 



L. MYTNIK 1 AND J. VILLA 2 



i3.3\) with only one term m = 2 in j3.4\ ). For the Y K superprocess it is also pos- 
sible, but here the main difference is that the directed graphs are not necessarily 
binary. 

Corollary 1. Let ip,ip be non-negative functions on Bb($L d ) and t > s > 0. Then 
E,[Y t K (v)Y s K W] = n(S*<p)n(S?il>) 

+y(2)a* ( [ S S?(S?_ r <pS* r 1>)dr 



Proof. First, use the Markov property for Y K to get 

Er[Y t K ( V )\F.]=Y B K (SX.<p). 

Therefore, 

E, [Y t K (<p)Y a K (</>)] 
= E ll [Y. K (SZ.. V )YfM] 

= \ ((E, [Y« (S t K _ s <p) + Y S K W ]) 2 - (E, [Y« (S« s <p) - Y a « W]f 
and we are done by Lemma [3] □ 
Corollary 2. Let ip be non-negative functions on Bb(M. d x M. d ) and t > s > 0. Then 



E„ 



^x,y)Y t K (dx)Y s K (dy) 

d 

H(dxi)fl(dX2)pt(zi — X\)p s {z2 — X 2 )tp{z\, Z2)dz\dZ2 



+X( 2 ) / / v(dx)p r (y - x)dyp t _ r (z 1 ~ y)p s _ r (z 2 - y)f(z 1 ,z 2 )dz 1 dz 2 dr. 
Jo JR 4d 

Proof. Use Corollary [T] and approximation of the tp(x,y) by functions in the form 
J2i <Pi( x )4>i(y) to derive the result. We leave the details to the reader. □ 

Next proposition gives bounds on some fractional moments of Y K and requires 
much more work than we have done in Lemma[3J Hence its proof will be postponed 
till Section [3 

Proposition 2. Let 1 + (3 < p < 2 and < e < 1. If 

d<a[2+- 
P 



then there exists a constant c — c(K,p,d,a, [3) such that 



E„ 



Moreover 



Y«(p e (.-x))[ Y«(G*(---x))ds) dx 



< c(K,p,d,a,/3). 



E 



Y s K (G\--~x))ds) Y t "(dx) 



rK I 



< CO. 



(3.10) 



Remark 3. When K goes to infinity, then x(2) goes to infinity, hence c{K,p, d, a, (3) 
goes to infinity and this is because x(2) is part of c(K,p,d,a, (3). The moment in 
\3.10\) is infinity when K = +co, because the (a, d, (3)-superprocess has moments of 
order less than 1 + /3 and p > 1 + f3. 
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Proof. Postponed. 

Now we can write the Tanaka-like formula for the approximating SILT of the trun- 
cated superprocess Y K . From Fubini theorem, (|1.4p . (|1.2[) and (jl.ip (the martingale 
problem for the truncated superprocess Y K , [SJ) we have 

1yk € {T) = f f { p £ {x~y)Y s K (dx)Y t K (dy)dsdt 

JO JO J R 2d 

= Xe Xe [ [ [ G x > e {x-y)Y s K {dx)Y t K {dy)dtds 

JO JO JR 2d 

-z X£ I III & a G x > £ (x-y)Y t K (dy)dtY s K (dx)ds 

JO JR d Js JR d 

= Xe Xe I I I G x > £ (x-y)Y s K (dx)Y t K {dy)dsdt 
Jo Jo Jm. 2d 

-e Xs I I Y^(G x - e (x- ■))Y s K {dx)ds 
Jo JR d 

+e X£ ^ I Y s K (G x >*(x - -))Ys K {dx)ds 

Jo JR d 

a. / ' / / ' / r<V-, .. ,,, i/A 

and 



e A£ / / / / G A ' £ (x-y)M K (dt,dy)Y s K (dx)ds, (3.11) 

JR d Js " 



ntY* te (T) = 7yx £ (T)-e A£ / / Y S K (G X ' e (x - -))Y S K (dx)ds 

= \e Xs I I I G x ' £ (x - y)Y s K \dx)Y t K (dy)dsdt 
Jo Jo 

f I \ -'A , /-'A.: , . , ,\ -h 



e / / Yt(G' £ (x~-Ws K (dx)ds 

T f 

Xe I I I I G Xe (x-y)M K (dt,dy)Y s K {dx)ds.{Z.l2) 



-e 



Note that stochastic integrals in (|3.11[) and (|3.12[) are well defined due to the mo- 
ment bound given by Proposition [2j 

Proof of Proposition [7J We are going to prove Proposition [T] via letting e —> 
in (|3.1ip . and checking convergence of all the terms. By Corollary [2] and simple 
estimates we get 



E 



T 

Y S K \G X e (x - -))Y S K \dx)ds 



< n(dxi)n(dx2)p s {zi - xi)p s {z 2 - x 2 )G x (zi - z 2 )dzidz 2 ds 

JO JR 4d 

+X( 2 ) / / / (J.( dx )Pr(y - x)dyp s - r (zi - y)p s -r{z 2 - y) 

Jo Jo JR id 

xG x (zi — z 2 )dzidz 2 drds 
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< 



10 JR 4d 
j-T 

X(2] 



/i(dxi)fi(dx2) / e Xu p u {zi ~ Z2)p s {z\ — x\)p s {z2 — X2)dzidz2duds 
Jo 

fi(dx)p r (y - x)dy 



JO JR 4d 



-Am 



p u {zi - z 2 )p s - r (zi - y)dz 1 p s ^ r (z 2 - y)dz 2 dudrds 



< 



T poo 



,-Ai 



'0 JO 

X(2) 



e 



Pu+2s(xi - x 2 )^{dx 1 )n(dx 2 )duds 



>o Jo 

< \\h\\ oof ,(l)TX- 1 + ^l) X (2) 



^(dx)p r (y - x)dy I e Xu p u+ 2 S -2r(Q)dudrds 

T 



JO JO 



e- Xu (u + 2s-2r)- d/a dudrds, VT > 0, 

(3.13) 



where the last integral is convergent if d < 2a. Using (|3.13|) . the bound G x > G X e 
and the monotone convergence theorem to get 



lim E 

eiO 



sup 

t<T 



Y s K {G x (x -■)- G X £ {x - -))Y? {dx)ds 



\,ei 



< lim E 

ej.0 



(G (x -■)- G x ' e (x - ■))Y s K (dx)ds 



= 0, VT > 0. 
In a similar way we can prove that 



sup 

T<L 



7 

o Jo 



(G A (x -y)- G x ^(x - y)) Y s (dx)Y t (dy)dsdt 



(3.14) 

= 0, 
(3.15) 



and 



limT 

ej,0 







sup 


fl 


T<L 


JO Jt 



Yf(G x {x -■)- G x ' e {x - -))Y S K (dx)ds, 



= 0, (3.16) 



for all L > and d < 3a. 

Now let us deal with the stochastic integral 

i-T 

F e {t,x)M K (dt,dx), 



where 



F E (t,x) 



G x ' s (x-y)Y s K (dy)ds 



This integral is well defined if (see [12] ) 



E 



1/2 



> te Jn[o,T] 



AA2 



< +oo, 



(3.17) 
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where J denotes the set of all jump times of X. Let 

1 



d < a 2 



1 + ' 

hence we can choose p 6 (1 + /3, 2) such that 

d < a ( 2 + 1 



Since p G (1 + j3, 2) we can use the Jensen inequality to get 

/ yP/2 



(3.18) 



(3.19) 



vie/ 



if ai > for all i e /. This yields 



1/2- 



£ F(t,Ay t ^) 2 

i tGJn[0,T] 



< £ 



= E 



cl / E 



Ft(t,AY t K y 

teJn[o,T] 



K 



i \ Vp 



G A ^(x-y)r/(dy)d S F^(dx) 



i/p 



df 



Since p satisfies (|3.19j) . the condition (|3.17p follows from Proposition [2] 

Let F = F°. By Burkholder-Davis-Gundy inequality (see [12]) and the previous 
argument we get 



E 

< E 



sup 

t<T 



(F(s, x) - F e {s, x))M K (ds, dx) 



sup / l (\F(s,x) - F £ (s,x)\)M K (ds,dx) 
t<rJo 



< cE 



1/2 



£ ((F-F*)(t,AY t K )f 
v teJn[o,T] 



(G A - G^) (x - y) Y« (dy)ds Y« (dx) 



i/ P 



dt 



0, as e i 0, VT > 0, 



(3.20) 

where the last convergence follows by Proposition^ and the monotone convergence 
theorem. Now combine (|3J4|) . (j3~15|) . (j3l6|) . (j3~18|) and (j3~20|) to get that all the 
terms in (|3. 1 1(1 converge and the proof of part (a) is complete. By (|3.15|) . (|3. 16[) . 
(|3.18| and (|3.20|) we get that all the terms in (|3.12|) converge and hence the part 
(b) of the proposition follows. □ 
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4. Proof of Proposition [2j estimation of fractional moments 
In what follows we will use the following well known equalities. For pe (1,2) 



and 



where 



/>oo 

1 = Vp / (1 - e- Xz ) X~PdX 
Jo 



z p = PVp / (e~ Az -l + Xz) X-P^dX 



(4.1) 



(4.2) 



Vp 



T(2-pY 



Proposition 3. Let l<l + f3<p<p'<2. Then there exists a constant 
c = c(K, (3,p,p') such that for any non-negative functions ip, ip G Bb(M. d ), 



E 







Y*{<p) (J*Y s K &)ds\ 









<cL (Sfy) + (x (S t A » (V (J* S^ds^j ) " 



f 1 (S^(p) fi 



•K 



S?tl>dr 



S?_ s (S?ip I S?i>dr\ds 



K , 



Sf_ s ( S*tp / S?Wr ) ds I ( i± ( / S?if,ds 



p-1 



•K 



s— r I 



I S*ipdu )dr[ I S?il>d: 



P-1 X 



ds 



s*L a [s?<pi st 



K 

s—r 



S^ipdu I I dr \ds I } , V* > 0. (4.3) 



Proof. Fix an arbitrary t > 0. By (|4.2p we obtain 
Y t K (<p) (^V(VO^) 

POO 

PVp / x-p- 1 (e [Y t K (^)e~ A /o y * 



-E[Y t K {v)]+XE \Y t K { V ) ( 

Jo 



Yf(<p) I Y s K {^)ds 



dX. 



(4.4) 
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Now we will bound the moments on the right hand side of the above expression. 
First of all, by Corollary [IJ we have 



Y t K {<p) I Y?{^)ds 



K i 



= n(S t K <p)n^S?i>ds 



(4.5) 



Moreover, from Fubini theorem we get the following useful equality 



o Jo 



S? (StL r <pS?_ r tl>)drds = I S£_ r [S?<p I S^^ds)dr. (4.6) 



K I nK 



Now let us estimate the remaining moment. Use the Laplace transform (|3.2p and 
the dominated convergence theorem to obtain 



E u 



lim — E 

sio e 



e -* IS Y s K (i>)ds-eY t K ( v ) _ e -A JS Y s K {i,)ds 

i m I ( e -KV t K {eyM)) _ e -li{V t K {OM))\ . 
:10 e V / ' 



From (|3.2p . we can easily derive that 

K"foV0> v^(o,vO>o, v s >o, 

and hence by the dominated convergence theorem, we get 
V t K {e V ,\ij)^V t K {Q,X^), aseiO. 
Using the same argument we get 



(4.7) 



E 



Y f K (ip)e- x So Y, K Wds = e -M(v*(o,A*)) lim 

' 1 ej.0 



. V t K (eip,\Tp)-V t K (0,\i>) 



Following the argument in Section 6.3 of [5] we can show that (<p, Xtp) defined 

by 



Uf- Up, Xtp) = lim 

elO 



satisfies the following equation, 



V t K (e<p,X^)-V t K (0,X4>) 



U t K (<p > X< l p) = S?tp- I 5« s (C/ s K (^,A^(^)'(U«(0,A^))d S) (4 



<K /ttK 



K\/nrK, 



With $'(x) - 



dx 
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Use (011), (|Q)l . (|Q|) . (146)1 and gl§ to get 



E 



~ M (5f ^) + A*(2)p (7 SfL a (S?<p£ S?i>dr)d^j ) A^dA 
= PW* (s?<pe-WS - Sf ^ + ASf w Qf ^ 



+ A X (2) / S£ S (S S > / #Vdr)(fe 
Jo Jo 



+ h + h 



where 



7i = pr, P n(sF<pj (e-M^'W-e-Wfisf^X-^dX), 
h = VbAj UxW) j S?_.(S?<p J' S?1>dr)d8 

y t K _ s (u«(<p,xi>)($ K y(v s K (o,xi>)))ds^ x-p-'dx^j , 

x J* SK.(UK(<p, X^ K )'(V a K (0, X^dsX-^dXj . 
By the elementary inequality 1 — e~ x < x, for x > 0, and (|3.5j) we have 

Using (|3.3[) and (|4.7[) it is easy to derive that U^(ip, Xtp) > and 

V t K (0,Xi/;) < X [ Sfipds. 

Jo 



(4.9) 



(4.10) 
(4.11) 
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The above inequalities and (|4.8|) yield the following bound on I3: 

h < c M ^^ t 5^ s (5f^(0,A^))d S (l-e-^ K (°^») X-P-'dX 

< c/x Qf* S« S (S* <p f S?ipdr)ds\ J™ (l - e-Wfi s ^ dl) ) X~ p dX 

< JJC S?tl>da)) At S t K _ s (S?<p f S^dr)ds] , (4.12) 



where the last inequality follows by (|4.1D . 
Let us take care of 12- By (|4.8p we get 



00 / /■£ 



W / A X (2) / SZL a (S?<p / S*^dr)ds 



where 



s?_,{s?<p{$ K y(v a K {o,\i>)))d8 

+ f s?_ a {{* K )\v s K (o,m 

Jo 

x J S?_ r (U?((p, \^)(<S> K Y(V 7 K (0, Xi/>)))dr)ds\ X-P^dX 
= J1 + J2, (4.13) 

Ji = '(a X (2) J^S«_ s {S?y J' 's?il>dr)d8 



x jT S S^Uffa X^ K )'(V r K (0, xmd^dsx-^dxj . 
Let us estimate J 2 . First, by (|1.13p . (|4.ip and (|4.2|) we obtain 

00 <>oo /-JC . . 

($ K )'(Vf (0,AV>))A- p dA = W / (l - e~ wV * (°> x ^j w-^dwX^dX 



10 Jo 



< 



VVp 1 J J S^ipdr^j w~^~ l dw 



p-i 

= c[ I Sfipdr' 
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Use this and ([479]) . (|4~T0l) . (|4~TT|) to get 

y o y o s^.( (^'(v* (o,a^)) 

x S*_ r {S?<pV r K (0,\il;))dr)dsX- p -' L d\j 



< c/i / S, 



Sf_ r (S*¥> / S£i;du)dr 



x / ($ K )'(V s K (0,A^))A- p dA)ds 



S* r / S^du)dr / S*^di 



dsj . 

(4.14) 



Now let us estimate Ji 



•/i 



A X (2) / S> / S?i/>dr 



K 



.S'/L„ j / (1 - e"^ ^JuT*" 1 ^ 1 dsj A^dA 

A\(2) / S*V>dr 
) 

\- p - l d\) )ds) . 



K 



Jo 

Using the identity 



A' 



we obtain 



(/>£ />oo f*K 

/ SfL s (S?<pr) / / (e 
Jo Jo Jo 



X(2) = i] I w Pdw, 



-wV* (0,Ai/>) 



+Aw^ Vdr)iB -/ '- 1 du;A~ I - 1 dA^ ds\ 



+Xw f Sfipd^X-P^dXw-P^dw 



10 Jo 



ds 
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x J* J™ (e-™v?VM) _ g-A^sf^ x-P-'dXw-^dwj ds 
+p W (j Sf_ s (S?<pQ{a)) ds^j , 



(4.15) 



where 



K r oc 



Q(s) = ( e -wV a «{OM) -e^So^^x-P-^dXw-^dw 



Jo Jo 



< 



Jo 



wV s K (Q,X^) - Xw / S?i/)dr 



X-P^dXw'^dw 



(Qi + Q 2 )(s). 



V a K (0,AV)- / S?W)dr 



x-p^dx 



By d33 



Q 1 (s) = c / 5*^(^(0, A^cMT^dA. 



o Jo 



Due to 1 < 1 + /? < p < p' < 2 we have, from the elementary inequality < 
er x — 1 — x < cx p , for x > 0, that 



$ K (x) < crj-^ 



p> -f3-l' 



Using this we obtain 

Qi(s) < c 



K r s 



'0 JO 



< c 



o Jo 



S?-r ((V r K (0,XiP)) p '^ drX-P^dX 

SK(Xip)du) ) drX'^dX 



S 



•K 
s—r 



c / S 



K 



S^du dr 



(4.16) 



Apply triangle inequality and (|4.1ip to bound Q2: 



K 



V s K (Q,Xip)- / S?(XiP)dr 



x-p-^x 



00 rs 



< 2c 



Ik Jo 

jK„ 



S?(\il>)dr\- p - 1 d\ 



c / Sfipdr. 



(4.17) 
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Finally, let us estimate 1\ . Proceeding as before we have 

r K /-oo N 



I 



PW [S?<p[l +j ) (e-"< v * <°' A *» - e-^US s ^ ds) ) \-*~ l dX 



A- p-1 dA 



M (^ K (0,A^))-/i( / Sfflida 
= qj.{S?<p)n [ f St s ( f S^drY ds) + cfx(S^). (4.18) 



Combining (|432]) -(|438 ]) and ((331) we obtain l|4"3|l . □ 

Now, the proof of Proposition [5] is based on the bounds that we will get on all 
the terms on the right hand side of (|4.3[) . 



sup fi (S S G X (- ■ -x)) < (TTjdh, X) < oo. (4.19) 



Lemma 4. Let p,(dx) — h{x)dx, where h is bounded and integrable. Then 

a; £1 

Proof. Using the explicit expression for /i we have, 

p(S s G x (--~x)) = J J Ps (y- z)G\z - x)dz ( i(dy) 

= Wooll^H^WooA- 1 , 

recall that || • ||oo is the supremum norm. □ 

In the next two lemmas we are going to use the following basic inequalities: For 
d > a and S e (0, 1), we have ([13], Lemma 4) 

Pt{x) < ct 5 - 1 \x\ a - d - aS , t > 0, x € M d \{0}, (4.20) 
and the Riesz convolution formula 

\x - zr d \z - yt d dz = c\x- y\ a+b - d , (4.21) 

whenever a,b > 0, a + b < d and x, y € M d . 
Also define the indicator function: 

k(x) = l(\x\ < 1). 

Lemma 5. Let a < d. Then, for any 5 6 (0, 1) and a € [0, d), we have 

Ps {y -z)\z- x\- a dz< Cl + c 2 s s - 1 (\y - x\ a - a ~ Sa K{y - x) + 1), Vy, x e R d , 

(4.22) 

where c\ > 1, c% > are constants. 
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Proof. First let us prove (14.22| for the case a - da < a. Use (|4.20j) and (|4.2ip to 

get 



p s [y - z)\z - x\ a dz = / p s (y - x - z)\z\ a dz 

p s (y - x - z)\z\~ a dz 



>1 J\z\<\) 

< l+[ s 5 - 1 ^ - x - z\ a - d - &a \z\- a dz 

J\Z\<1 

< l + cs 8 - 1 ^ - x\ a - a - Sa 

= l + cs 5 - 1 (\y-x\ a - a - 5a l{\y-x\<l) 

+ \ y _ x \«-a- *°H\y - X \ > 1)) 

< l + cs 5 ~ 1 (\y-x\ a ~ a ~ Sa K(y-x) + l). 

Now, suppose a — 5a > a. Using a simple coupling argument, as in Lemma 5.1 
of ITU, we have 



p s {y-x-z)\z\ a dz< / p s {z)\z\ a dz. 

' JR d 

By the scaling relationship 

p t (x) = r d / a p 1 {r 1 ^ a x), t>o,xem. d , (4.23) 

we get 

p s {z)\z\~ a dz = s- a ' a [ Pl (s- 1/a z)\s' 1/a z\- a s- d ' a dz 



= s- a/a / Pl (z)\z\- a dz. 

JM d 

Therefore, 

p s (y - z)\z - x\- a dz < cs- a / a (l(\s\ < l) + l(|s| > 1)) 

! 

< cs 6 - 1 + c, 

and we are done. □ 

Lemma 6. For any 5 G (0, 1) there exists c(t) such that for anyT > 0, sup f<T c(t) < 
oo and 
rt 

S S G X (- - x)(y)ds < c(t)(\y - x\ 2a ~ d - Sa n(y - x) + 1), Vy, x G M. d . (4.24) 

o 

Proof. Let a < d. Since G x (x) < c|x| Q_d , take a = d — a, apply Lemma [5] and 
make additional integration with respect to time. If a > d, then by the unimodality 
of Pi, 

t ft pOO 

S S G X (- - x)(y)ds = 11 e~ Xr p r + s (x - y)drds 
Jo Jo 

t poo 



< c e- Xr {r + s)- d / a drds 



o jo 



< c(t), Vt > 0, 
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and we arc done. 



□ 



Lemma 7. Let 1 < q < 2, and d < a(2 + l/q). Then there exists c(t) such that 
for any T > 0, sup t<T c(t) < oo and for any y,x € M. d , 



t / / rs \ q 

x 



S t - S / S r G x (-~x)dr\ (y)ds < c(t), 



o 



(4.25) 



S.+ e ((J SrG*('-x)drj*\{y)d8 < c(t), Ve e [0, 1]. (4.26) 

Proof. Since d < a(2 + l/q) it is easy to check that we can fix 8 € (0, 1) sufficiently 
small such that, 



q(2a - d - 5a) + a - 5a > 0. 



(4.27) 



By Lemma Hy 

S r G x (-~x)dr) (y) <supc(s)(\y-x\ c i {2a - d - Sa ' ) K(y-x) + l). (4.28) 



s<t 

Now take a = —q(2a — d — 5a). If a < then the result follows trivially, due to the 
fact that then the right hand side of (|4.28[) is uniformly bounded for any y, x £ M. d . 

If a > 0, we apply again Lemma [5] to conclude that the result follows if q(2a — 
d — 5a) + a — 5a > 0. But this is exactly the condition (|4.27l) which is satisfied due 
to the choice of 5. □ 



Proof of Proposition [H From (|3.1|) we see that ^ St , hence Proposition [3] im- 
plies 



E„ 



r ( K [>.(■- ,Ti ( l*Y s K (G x (---x))ds) dx 



<c< l-i{Stp e {- ~ x))dx 



t \\P 

X i 



n{S tPe (--x)) Uiy S s G A (---x)dsj j dx 

fj,(StPe(- - x)) (J, (j S t -s (^J S r G x (- ■ -x)drj dsj dx 

fi I / St-s ( S s p E (- — x) S r G x (- ■ —x)dr I ds I dx 
■ \Jo V Jo J J 



(i ( I St-s yS s Pe(- - x) J S r G x (- ■ -x)dr ) ds 
x [fi[ j S S G X {- ■ -ar)ds^ dx 



SILT OF THE (a, d, /3)-SUPERPROCESS 



25 



t 

X i 



+ J St- S \J S s - r I S r p E (- - x) I S U G (• - x)du) dr 

x ( [ S r G x (- ■ -x)dr) ) da) dx 



fx \ S t -s ( S s p e (- -x) [ I S r G (• • -x)dr ) ) ds ) dx 

R d \Jo 



■ |U / S t -s S s p e (- - X) I S s - r / S u 
JM d \Jo \ JO \JQ 



G A ( x)du ) dr) ds) dx 



i=l 



We will check the boundedness of all the terms Ii(e), i — 1, ... ,8. First note, that 
for d < a all the terms h(s), i = 1, . . . , 8 can be bounded very easily, and we leave 
it to check to the reader. We will consider the case a < d. The first two terms, 
-Zi(e) and his) are easy to handle. By the Fubini theorem and Lemma [4] we get 

Me)+/2(£)<Ml)(l + to9lO P )- 
By Lemma [7] we easily get 

h(e)+h(e) <M(l)c(*). 
For /7(e) we get the following 



h{e) =11 Pt-s{y ~ z)p s +e{z - x) 

JQ JM d xR d xM d 

x S r G x (z — x)dr^j dsdxdz n(dy) 

Pt- a (y - z) dzS s+£ ( f S r G x (-)drY (O)dsn(dy) 

1X1 



= Ml) j o S s+e U S r G A (-)drj (0)da 
< /i(l)c(t), (4-29) 
where the last inequality follows by Lemma [7] It is also easy to check that 

h(s) < j ^ n s t - s (s sPs (- - x ) ((j s r G\- ■ -x)d r y + ij\ ds\ dx 

< J 7 (e) + /i(l)t, (4.30) 



and 



hie) < fe^e)- 
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The last term we have to handle is Iq (e) : 

h(s) < f ( [ + I j (fpt-siv-Vi) 

x / Ps-r(yi ~ z )Pr+e( z ~ x ) I S U G X (z — x)dudr 
Jo Jo 

x S r G x (y\ — x)dr^j ds^j dyi dz dx fi(dy) 
= I 6 ,i{e)+h, 2 (e). 

Our condition on d implies that we can choose 8 € (0, 1/3) sufficiently small such 
that 

(2a-d)(p + l)-6a(p + 2)>-d. (4.31) 
By (|4.20j) . Lemma [5]and Lemma |6] we get 

h,i{e) < c(t) f f (f pts(y-yi) f p s -r{yi-z){r + e) s - x 

JK 3d J x:\yi_-x\Kl \J Jo 

x(\z- x\ 3a - 2d - 2Sa K(z - x) + \z- x\ a - d ~ 5a ) dr 
(\yi ~ x \ {2a ~ d - Sa){ P-^ + l) ds) dyx dzdx^dy) 



x 



- c(t) / / / p t -s(y-yi) / (r + e) 

Jx:\y 1 -x\<l \J0 J0 



t rs 

5-1 



x / Ps - r { yi - z) (\z - x\ 3a - 2d - 2Sa n{z -x) + \z- x\ a - d - &a ) dzdr 

X (\ yi _a;|(2a-d-«a)(p-l) + A dg J dyidx ^ dy ) 



t 

8-1 



< c(t) / / / Pt-.{V-Vi) / (r + e) 

Jx:\y 1 -x\<l JO Jo 



X [1 + (a - r) 8 - 1 - x |4"-2«»-Ma + | w _ 2 ,|2a-d-2fo + ^] dr 

X (|yi - 2;|(2«-d-5a)(p-l) + {j dsd yi dx^(dy) 



= c(t) f f t p t . s (y~y 1 )[f S (r + e) s - 1 dr 
Jm? d Jo Jo 



x 



(1 + |yi - x\ ( - 2a - d - Sa ^ p - 1 '>)dx + / (r + s) 5 - 1 (s-r) 5 - 1 dr 

x:\yi— x\<l Jo 



X 



(1 + lyi - x \{2a-d-Sa)(p-l)+4a-2d-3aS 

I x:\yi-x\<l 

+ \yi - 2 ;|(2«-d-'5a)(p- 1 )+2a-d-2a5 + 1^ _ a .|(2o-d-*a)(p-l) 

+ \ Vl - x \*«-**-*>« + \ yi - x\ 2a - d - 2aS )dx]d Vl ^dy) 



SILT OF THE (a, d, /3)-SUPERPROCESS 



27 



where the last inequality follows by (I4.31| . As for the /6.2(e), by Lemma |6] we get 



ha\ e ) ^ SU P 

x,yv\yi-x\>i \Jo 

ps pr poo 

X 



t \ P- 1 

S r G x ( yi -x)dr 



Pt-s{y - Vi) 



10 JQ JO 

< c(i)/i(l) 



Ps-r(yi - z)p r+e+u+v (0)e Xv dv du dr ds dyi dz p(dy) 
(r + e + u + v)- d ' a e- Xv dv du dr ds 



r />s />r foo 



Jo Jo Jo 



and the last integral is bounded if d < 3a. By combining all the above estimates 
we are done with the first part of the proposition. 

Now we are going to prove the second part of the proposition. Take 

<p(v) = {f Q j GA ' £ (y " x)Ys K (dx)d S ^ , yeR d . 

For each n G N define the truncations functions, ip n — tp A n. Then < cp n f tp, as 
n — > 0. Since tp n is bounded and pi(z)dzY t K (dy) is a finite measure, we have by the 
dominated convergence theorem and the scaling relationship (|4. 23[) the following 
estimation 

tp n {x)Y t K \dx) = lim I ( ip n (S 1/a z + x) Pl (z)dzY t K (dx) 



< lim inf 

<5|0 



(p(6 1/a z + x) Pl {z)dzY t K (dx) 



= lh f™£ J JPs(x~y)Y t (dx)tp(y)dy. 
Letting n — > 00, by the monotone convergence theorem, we have 



Y s K (G^(---x))ds) Y t "(dx) 



rKl 



< lim inf 

sio 



Y S K (G X < £ (- ■ -x)ds ) Y f K (p 4 (. - x))dx 



K 1 



From the Fatou lemma we get 



E 



Y S K {G X ^..- X ))ds) Y«(dx) 



< lim inf E 

S[0 



Y S K (G X ' E (- ■ -x)ds ) Y t n (p,(. - x))dx 



Ki 



Since G ,£ < G we have by the already proven part of Proposition [51 



E 



Y s "(G x >°(---x))ds) Y t "(dx) 



< lim inf E 

810 



< c(K,p, d,a,p). 



Y S K (G X (- ■ ~x)ds ] Y t K ( Ps {- - x))dx 



K 1 
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Using once again the monotone convergence theorem, as e — > 0, we arrive at 
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